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Gravitational waves in vetor ination
Alexey Golovnev, Viatheslav Mukhanov, and Vitaly Vanhurin
Arnold-Sommerfeld-Center for Theoretial Physis, Department für Physik,
Ludwig-Maximilians-Universität Münhen, Theresienstr. 37, D-80333, Munih, Germany
We disuss the gravitational waves (GW) in the ontext of vetor ination. We derive the ation
for tensor perturbations and nd that tahyoni instabilities are present in most (but not all) of the
inationary models with large elds. In ontrast, the stability of the small eld ination (AµA
µ
≪
1
N
) is ensured by the usual slow-roll onditions, where N is the total number of elds. For example,
the Coleman-Weinberg potential and the power-law ination are always stable in the small elds
limit with an approximately at spetrum of GW. We also provide some examples whih lead to a
rapid deay of GW and predit the absene of tensor modes in the CMB.
I. INTRODUCTION
In the earlier paper [1℄ we proposed a new model of ination in whih the quasi de Sitter expansion is driven by
vetor elds. Isotropy was ahieved by employing a triad of mutually orthogonal vetor elds or by a large number of
randomly oriented elds. The problem of slow-roll was solved by non-minimal oupling of the vetor elds to gravity.
(Other osmologial models with vetor elds have also been reently proposed [2, 3, 4, 5, 6, 7℄).
The theory of Ref. [1℄ is dened by the following ation
S =
∫ √−g
[
−R
2
(
1 +
N∑
a=1
1
6
I(a)
)
− 1
4
N∑
a=1
F (a)µν F
µν
(a) −
N∑
a=1
V
(
I(a)
)]
dx4. (1)
where
I(a) ≡ −A(a)µ Aµ(a)
F (a)µν ≡ ∇µA(a)ν −∇νA(a)µ
and summation over repeated spae-time indies is assumed. In the spatially at Friedmann universe with onformal
metri
ds2 = a2 (η)
(
dη2 − δikdxidxk
)
the evolution of homogeneous bakground elds is given by
A0 = 0
B′′i + 2HB′i + 2dV (I)
dI
a2Bi = 0 (2)
where by prime we denote the dierentiation with respet to onformal time η and I = BiBi ≡ B2, Bi ≡ Aia = −aAi,
H ≡ a′a . Equation (2) is equivalent to
A′′i +
(
2a2
dV
dI
− a
′′
a
)
Ai = 0.
The Einstein equations redue to
3H2 = 8πN
(
V (B) a2 +
1
2
B′2
)
, (3)
2H′ +H2 = 8πN
(
V (B2)a2 − 1
2
B′2
)
(4)
and for the usual mass term we have V = m
2B2
2 = −m
2AµA
µ
2 and
dV
dI =
m2
2 .
The paper is organized as follows. In the next setion we derive the ation for gravitational waves. In the third
setion we quantize the tensor perturbations and solve the orresponding equations of motion. The onsequenes
of our results for dierent models of vetor ination are analyzed in the forth setion and the main onlusions are
summarized in the nal setion.
2II. ACTION FOR GRAVITATIONAL WAVES
We onsider the transverse and traeless metri perturbations hik on a spatially at Friedmann bakground
ds2 = a (η)2
(
dη2 − (δik − hik) dxidxk
)
where hii = 0 and h
i
j,i = 0. As the matter ontent is of vetorial nature, these are the only tensor perturbations of the
theory. The orresponding equation of motion an be obtained as a tensor part of the spatial omponents of Einstein
equations. One should note that salar, vetor and tensor perturbations an ouple to the bakground vetors [8℄.
Some of these ouplings vanish due to the bakground rotational symmetry. For example,
∑N
a=1 hikA
(a)
i A
(a)
k = 0
beause it is proportional to the trae of h, whih is a onsequene of the isotropy ondition
∑N
a=1A
(a)
i A
(a)
k ∝ δik and
follows from the fat that the trae is the only linear rotational invariant of a matrix. Nevertheless, terms of the form
AiδAk are present in T
k
i and in general do not deouple from GW. However, if we onsider random vetor elds with
random utuations, these terms would be statistially suppressed.
1
This allows us to onsider the evolution of GW
separately from the vetor and salar perturbations.
From now on, in this artile, we onsider only the tensor perturbations. To obtain the ation for these perturbations
we must expand Eq. (1) to the seond order in hik. The spatial part of the metri is given by gij = −δij + hij and
gij = −δij − hij − hikhkj up to the seond order. It implies
√−g = a4
(
1− 1
4
h2ij
)
,
R =
1
a2
(
−6a
′′
a
+ hijh
′′
ij +
3
4
h′2ij − hij △ hij −
3
4
h2ij,k +
1
2
(hijhik,j),k + 3hijh
′
ijH
)
and
Sgw ≈ 1
8
∫
a2
[(
1
8π
+
NB2
6
)(
h′2ik − h2ik,j −m2gh2ik
)]
dx3dη (5)
(where we used the bakground equations, averaging and integrations by parts). The graviton mass squared is given
by
m2g ≡ −16πN
(
a′′
a3 − 2V,I − 45B2V,II
)
a2B2 + (B′ +BH)2
3 + 4πNB2
(6)
where V,I ≡ dVdI , V,II ≡ d
2V
dI2 . Unusual mass of the graviton omes from the terms AµAνg
µν
and FµνFαβg
µαgνβ . It is
proportional to B2H2 whih remains approximately onstant during slow-roll ination.
The orresponding equation of motion (whih ould also be derived form the linearized Einstein equation) is
h′′ik + 2
(
H+ 4πNBB
′
3 + 4πNB2
)
h′ik −△hik = −m2ghik. (7)
During the slow-roll ination B¨ ≪ HB˙ implies B′′ ≈ HB′ and we obtain
m2g ≈ 16πN
(−8πNV + 103 V,I + 45B2V,II) a2B2
3 + 4πNB2
(8)
whih an be further redued to
m2g ≈ 16πm2a2NB2
(
5− 12πNB2
9 + 12πNB2
)
for the haoti potential V
(
B2
)
= 12m
2B2. In the original paper [1℄ we have shown that B & 1√
N
for this potential,
whih means that the evolution an be unstable due to the tahyoni mass of the graviton m2g < 0. We will ome
bak to the stability issue in the forth setion after the theory is properly quantized.
1
Terms of the form AiδAkare exatly aneled for perturbations whih orrespond to rotations of a vetor triad onguration as a whole.
3III. CREATION AND EVOLUTION OF PERTURBATIONS
We follow the proedure outlined in Ref. [9℄ to quantize the ation for GW (5). The rst step is to expand the
tensor perturbations into Fourier modes
hij (x, η) =
∫
hk (η) eij (k) e
ikx d
3k
(2π)
3/2
, (9)
where eij (k) is the polarization tensor. The result is substituted in Eq. (5) to obtain
Sgw ≈
∫
1
8
a2e2ij
[(
1
8π
+
NB2
6
)(
h′kh′−k −
(
k2 +m2g
)
hkh−k
)]
dk3dη.
It is onvenient to introdue a new variable
vk =
1
2
ahk
√
e2ij
(
1
8π
+
NB2
6
)
(10)
and rewrite the ation as
Sgw ≈ 1
2
∫ [
v′kv′−k − ω2k (η) vkv−k
]
dk3dη
Assuming the slow-roll regime we onvert the equation of motion (2) into B′ = − 2a2V,IB3H while the Friedman equations
(3) and (4) yield
a′′
a =
16π
3 Na
2V and one an easily dedue that
ω2k (η) ≡ k2 −
a′′ (η)
a (η)
β
with
β ≡ 1 +
24πNB2 −
(
23
2
V,I
V B
2 + 125
V,II
V B
4
)
4πNB2 + 3
. (11)
The orresponding equation of motion is
v′′k + ω2k (η) vk = 0. (12)
After the usual quantization proedure we obtain the standard power spetrum of the reated waves
δ2h (k, η) =
8 |vk|2k3
πa2
. (13)
To solve the Eq. (12) during the slow-roll ination we an use an approximation, where β ≈ const and a′′a ≃ 2η2 .
The general solution is given by
vk (η) =
√
η
(
C1J√1+8β
2
(kη) + C2Y√1+8β
2
(kη)
)
where J and Y are Bessel funtions of the rst and seond kind respetively. For the short-wavelength modes with
k2 ≫
∣∣∣a′′a β
∣∣∣ we obtain the usual result
vk (η) ≃ 1√
k
e±ik(η−ηi)
and for the long-wavelength perturbations with k2 ≪
∣∣∣a′′a β∣∣∣ the solution beomes
vk (η) ≃ C1 η
1−√1+8β
2 + C2 η
1+
√
1+8β
2 .
In the limit of β → 1, the evolution of tensor perturbation is idential to the salar eld ination. The non-deaying
super-horizon modes of GW (hk ∝ vka ) are frozen, and from Eq. (13) we get an approximately at power spetrum
with a slightly red tilt. However in general the tensor perturbations ould grow with time if β > 1, and deay if β < 1
whih would lead to somewhat dierent preditions.
4IV. GRAVITATIONAL WAVES IN DIFFERENT MODELS
Now we are in a position to analyze the behavior of GW in dierent inationary senarios. The key ingredient of
our disussion is the expression (11) for β, whih an be simplied in the two limiting ases orresponding to the large
and small eld approximations.
If the inationary evolution takes plae at large values of the eld (B ≫ 1√
N
), then
β ≈ 7− 1
4πN
(
23
2
V,I
V
+
12
5
B2
V,II
V
)
. (14)
Suh models would generially predit β ∼ 7 leading to very large instabilities of GW, inompatible with observations.
Nevertheless, for some potentials the seond term on the right-hand side of Eq. (14) an be large enough to redue
β towards the observationally allowed range (β . 1). Unfortunately, as we shall see, it is rather hard to obtain a
working model of vetor ination with large elds.
A muh more promising lass of models desribes the evolution at small values of the ination eld. From Eq. (11),
in the limit B ≪ 1√
N
, we obtain
β ≈ 1−
(
23
6
V,I
V
B2 +
4
5
V,II
V
B4
)
. (15)
Clearly, all of the models with
23
6
V,I
V B
2 + 45
V,II
V B
4 ≪ 1 would predit a stable evolution with nearly at spetrum of
tensor perturbations, similarly to the standard salar eld ination. In fat, the usual slow-roll onditions
V,B
V
= 2
V,I
V
B ≪ 1
V,BB
V
= 2
V,I
V
+ 4
V,II
V
B2 ≪ 1
automatially imply
23
6
V,I
V
B2 ≪ 23
6
B < 1
4
5
V,II
V
B4 ≪1
in the limit of small elds B ≪ 1√
N
and for a large number of elds N & 15. However, for a relatively small number
of elds N . 15 one should also keep trak of the parameter 236
V,I
V B
2
, whih ould be of order one.
A. Chaoti potential
Consider a model of haoti vetor ination (V = m
2B2
2 ) proposed in Ref. [1℄. It follows from Eq. (14) that during
ination
1√
2πN
< B < 1
N1/4
and the parameter β stays in between βi ≈ 7 and βf ≈ 5. At the beginning of ination
the ontribution of the terms
V,I
V B
2
and
V,II
V B
4
is suppressed by a fator of
1√
N
, and β hanges very slowly down from
the value of 7. (An additional problem of the haoti vetor ination in the spatially urved universes was disussed
in Ref. [10℄.)
The instability an be xed by going to higher powers of B2. For a potential V = V0B
2n
with a very large n > 300
we an (in priniple) have a large number of e-folds N = 2πN(B
2
i−B2f )
n > 60 with relatively small (or negative) values of
β . 7− 65 nN , prediting the absene of tensor modes in the CMB. However, suh models seem to be rather ne-tuned
and we shall not disuss them any further. Instead we will turn our attention to the models with small eld ination
whih naturally predit a stable evolution of GW.
B. Power-law ination
An interesting example desribes the power-law ination with potential V = V0 exp
(
α
√
AµAµ
)
= V0 exp
(
α
√
B2
)
,
where we need α ≤ 2√6πN for p ≤ − ǫ3 . (One ould worry that this potential is not regular at Aµ = 0, but in either
ase one has to modify the potential at small Aµ for the ination to end.) For this model, only if the ination takes
plae at small values of B ≪ 1√
N
then β ∼ 1 and the evolution is stable.
5C. Symmetry-breaking potential
For the symmetry-breaking potential V = λ
(
B2 −B20
)2
the evolution starts at some small value of Bi with βi lose
to 1 and ends when p ∼ − ǫ3 where p = N2
(
B˙2 − 2V
)
and ǫ = N2
(
2V + B˙2
)
. The number of e-folds in the slow-roll
and small-elds approximation is given by
N ≈ −πNB20 ln
(
8π
3
NB20λ
)
.
where the initial value of the eld was set by quantum utuations to Bi ∼ H ≈ B20
√
8π
3 Nλ. Apparently it is hard
to obtain a long period of ination with small elds beause of the logarithmi dependene on λ. For NB20 ∼ 0.1 we
must have λ . 10−60 in order to get at least 60 e-folds of ination.
D. Coleman-Weinberg potential
A better illustration of the vetor ination is given by the Coleman-Weinberg potential V =
λ
(
B4 ln B
2
B2
0
− 12B4 + 12B40
)
, where a large number of e-folds an naturally our at small values of the eld
(B < B0 ≪ 1√N ). Indeed, the number of e-folds is
N = −2πN
∫ B2f
B2i
V
V,IB2
dB2 ≈ πNB
2
0
2
B20
B2i
ln
B2
0
B2i
where we assume Bi ≪ B0. In fat, the initial value Bi is determined by quantum utuations Bi ∼ H near the
maximum V ≈ λ2B40 whih gives Bi ≈ B20
√
4π
3 Nλ implying
B20
B2i
= 3
4πλNB2
0
. Negleting the logarithmi dependene,
the number of e-folds
N ≈ 3
8λ
·
(
ln
3
4πλNB20
)−1
sales as λ−1 (in ontrast to the logarithmi dependene for the symmetry breaking potential). For small values of
λ the model an produe an arbitrary large number of e-folds of stable ination with an approximately at power
spetrum of GW.
E. Exponential potential
Another example is provided by an exponential potential V = λ exp
(−αB2). The small eld assumption (B ≪ 1√
N
)
is not generally valid all the way until the end of ination Bf =
√
6πN
α , and one has to work in the limit of large
elds. The ination in suh models is typially very long, and a large number of e-folds take plae at negative values
of β. For example, if we take α = N50 then the exit from ination ours at Bf ≈ 217√N and muh more than the last
60 e-folds evolve at negative values of β. Suh models would generially predit the absene of tensor modes in the
CMB.
V. CONCLUSIONS
The reently proposed model of vetor ination [1℄ was shown to be very similar to the salar eld ination at the
bakground level. Despite of the apparent similarities a number of striking dierenes appear already at the rst order
in perturbation theory. The most important diulty is the oupling of dierent modes (salar, vetor and tensor)
even in the linear order. One an overome the problem for the tensor perturbations in the limit of a large number
of random elds with random utuations, when the oupling terms are statistially suppressed.
6In this artile we onentrated only on the behavior of gravitational waves on the homogeneous and isotropi
bakground. Our analysis has shown that the behavior of tensor perturbations in vetor ination depends ruially on
the form of the inationary potential. The large eld inationary models generially lead to the tahyoni instabilities
of GW (e.g. haoti potential) and must be arefully analyzed. The stability of the small elds inationary models is
guaranteed whenever the slow-roll onditions are satised. In addition, the models of vetor ination an lead to an
arbitrary tilt in the power spetrum as well as to a omplete suppression of the tensor modes in the CMB.
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